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Abstract:

In this paper we are going to solve numerous partial differential equations by introducing a new double
integral transform known as Laplace — Upadhyaya Transform (DLUT). The significance of this research is
that all the other double Laplace — any transform, merely becomes particular case of this newly introduced
DLUT. In this paper we will prove few theorems and properties of DLUT which in return will be useful to
solve PDE'’s.
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Introduction:

Double Integral Transforms has become an active area for new researchers in the last few decades. It is a
powerful technique used to solve partial differential equations as well as fractional differential equations of
various kind. Some of the work using double integral transform can be referred from [1-6]. In the paper [2]
solution of partial differential equations is obtained by using double Laplace — Sumudu transform. Recently,
Upadhyaya, L. M. [7] introduced a new transform known as Upadhyaya transform which we have used in
our research. In this paper we use double Laplace — Upadhyaya Transform to solve partial differential
equations. Beauty of this research is, results obtained to solve partial differential equations by any double
Laplace — some transform, will merely become particular cases of our results.

Definition 1:

The Laplace Transform of the continuous function h(x) is defined by,

L[h(0)] = [ e7P*h(x) dx = H(p)

Definition 2:

The Upadhyaya Transform of the continuous function £ (t) is defined by [7],

ULFO) = 4 [y e;™" fQst)dt = F(Ay, A2, A).

Definition 3:

The double Laplace — Upadhyaya transform of the function h(x,t) of two variables x > 0and t > 0 is
denoted by,
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LU [h(x, 0] = A4 [ [ e7P* %2t h(x, A3t) dxdt = H(p, A1, A5, A3).
Note that,

Ly Ui fah(x, t) + ayg(x,t)] = Alf f e PRt g h(x, Ast) + a,g(x, A5t)] dxdt
o Jo

= al/llf f e‘px‘lzth(x,/lg,t)dxdt+a2/11f f e PXht[ g(x, A3t)] dxdt
o Jo o Jo

= a,L, U h(x,t)] + a,L, U [g(x, )], where a;, @, are constants.

Definition 4:

The inverse Laplace — Upadhyaya transform L;1U;1[H(p, A1, A5, 23)] = h(x, t) is defined by,
L;]-ut_l [H(p' Ali AZ; 13)] = (sz) f]:/_-'-lt:o epxdp (ZLTCL) f:)j;zo /11elth(p: All AZ: 13)dﬂ'2

Double Laplace — Upadhyaya transform of some basic functions:
(1) h(x,t) =1, x>0, t>0

L, U 1] = Alj f e~PXM2t dxdt
o Jo

=1 [.f e P* dx f e A2t dtl
0 0

pAz
(2) h(x,t) = x4 tP
L, U [x*t?] = Alf f e~P*¥~ 22t xa (1.t)P dxdt
o Jo

= 2,15 U e PXxCdx J e M2t thdt
0

0

_ ,A8r@@+1) rv+1)
- patl AIZ7+1

, Re[a] > —1,Re[b] > —1.

If a and b are positive integers, then

1128 alb!
Aé’“ pati

(3) h(x, t) — eax+bt

L, U [x%tP] =

oo oo
Lxrut[eax+bt] — Alj J e—px—lzt eax+b/13t dxdt
0 0

o)

(00}
— /11 lf e PXtax g, f e—/lzt+bl3t dtl
0 0
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_ A
"~ (a-p)(bA3—13)

Similarly,
A
(ia — p)(ibA3 — 43)
_ 1[(pA; — abA3) + (pbA; + aly)]
(p? + a?)(25 + b223)

By using above equation we get,

Lxut [ei(ax+bt)] —

. A1(pbAs + aly)
Lellelsin(ax +b0)) = e oy or gy

A1(pA; — abis)
L,U:[cos(ax + bt)] = (0% + @) (2 1 b?20)

(4) h(x,t) = sinh(cx + dt) or cosh(cx + dt)

(eY+e™)

We know that sinhy = (ey_z—e_y) and coshy = >

Thus,

' [ al, + bAs;p
L, U;[sinh(cx + dt)] = A4 (@ = pi)(bz/;z —12)
| 3~ 42)]

[ abl; + A,p
L, U;[cosh(cx + dt)] = 1, (@ = p2)3(b2/122 — 12
i 3~ 42)]

(3) h(x,t) = f(x)g(2), then

LU [h(x, )] = 24 f i f "t £(x)g (Ayt) dxde
0 0

[ee]

=J e PXf(x)dx /11J e 2t g(A5t)dt
0 0

= L[f (O]U[g(D)]
Existence condition for the double Laplace — Upadhyaya transform:
If h(x,t) is of exponential order a and b as x — oo, t — oo, if there exist a positive constant K such that
Vx>X,t>T
|h(x, )| = Ke®*Pt,

And lim e P* %t |p(x,t)]=0,p>a,l, > b.

X—00,t—>00

Thus the function h(x, t) is said to be of exponential order.
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Theorem 1:

If a function h(x, t) is a continuous function in every finite interval (0,X) and (0, T) of exponential order
e *+bt then the double Laplace — Upadhyaya transform of h(x, t) exists for all p and A, provided Re[p] >
a and Re[A,] > b.

Proof:

From the definition (3) we have,

| H(p;ﬂl;AZ;AB)l =

A f f e P*~ M2t p(x, A5t) dxdt
0 0

SKf e~(P=a)X gx f Ne~Ra=4sD)t gt
0 0

K
= ,Re[p] > a,Re[A,] > b
b,
(p—a)A-77

L lt!m |H(ptll:){2:){3)| =0
x,t—>00

Basic properties of double Laplace — Upadhyaya transform:
Shifting Property:
If Lxut[ h(x, t)] = H(p, Al, Az, 13) then Lxut[eax+bt h(x, t)] = H(p —a, Al, AZ - b, 13)

Proof is left as an exercise to the reader.
Properties of derivatives:
If Lxut[ h’(x! t)] = H(pr All AZ! 13) then

i LU, ["”‘;’;”] = pH(p, Ay, Ay, A3) — U[R(O, )]

i LU, :"”1;’;'”] = A,H(p, A, Ay Az) — A L[R(x, 0)]

i Lol [T = 07 H(p, A, 22, 25) = pULR(O, O] = Ul (0,)]

iv. L., :azgfz"”: = 22 H(p, A4, A, A3) — A, L[y (x, 0)] = 2,4, L[A(x, 0)]
Voo Ll [HEO) = 20p H(p, Ar, A, A5) = ArpLIRGx, 0)] — ULk (0, 0)]

R

o)
«© e PXOh(x, At
=/11f e-ﬂztdtf & A58 1
0 0

0x
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= Alf e 2t dt {—h(o,ﬂg,t) + pf
0 0

o

e P*h(x, A5t) dx}

(0]

= p/llf f e ~Aat=px h(x,/13t)dxdt—/11f e 42tp(0, A5t)dt
o Jo 0

= ,DH(,D, A1, 2, /13) — Uh(0, 131)]
Note: Proofs of ii. to v. is left as an exercise to the reader.

Theorem 2:

If H(p! /111221/13) = Lxut[ h'(x! t)]1 then

EAZ

Ll [h(x = 6,t — €)H(x = 8,6 — )] = e ** 7 H(p, A1, 25, 25)
Where H (x, t) is a Heaviside unit step function given by,

1, x>6,t>¢€

Hx—-6,t—€)= {o, otherwise

Proof:

LU, |h(x =8, t —e)H(x —5,t —€) = Alf f [e7P*22th(x — &, A3t — €)H(x — &, A3t — €)] dxdt
0 0
=3 f L e P*Math(x — 8, A5t — €) dxdt
é‘ —
T3

putx —6 = f, Azt —e = Azg
dx = df, Azdt = dg

© roo . (E+94s
=h [ e (K n(f 2g) dfdg
0 0

S—E 00 (00 _ f
= he” s [ [ e P R9h(f, Asg) df dg

_ps-t2
=e 3 H(P: 11112113)
Theorem 3:

If the double Laplace — Upadhyaya transform of h(x, t) exists, where h(x, t) is a periodic function of periods
a and b such that h(x + a,t + b) = h(x,t) V x, t then,

—pat2b7t —
H(p, A1, 25, A3) = [1—3 pa 13] Ay [ [)2 emPx 2t h(x, Azt)dxdt .
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Proof:

H(p, 41,22, 43) = /11J. f e P*~ A2t p(x, Azt)dxdt
o Jo
b
a E oo 0o
= Alf f e‘px"lzth(x,/13t)dxdt+/11f fb e P*~Rtp(x, A;t)dxdt
0 Y0 a =
A3

Putx —a = f,A3t — b = A3g in the second term

b
a T _ _/12_1) %) oo
= Alf f PePr-hath(x, Ast)dxdt + e 7 2 Alf f e PI~I9n(f + a,A3g + b)dfdg
0 0 0 0
b

b Azb o o
=M [} [l e P Mt h(x, Agt)dxdt + e 7Y 2 Ay [7 [ e PIMIR(f, A39)df dg

b
a A_ _ _/12_b
=M f j P PxAath(x, A )dxdt +e 2 H(p, Ay, Ay, A3)
0 0

L dab]T ra
o H(p, A4, A5, A3) = ll—e pa Asl A4 J j *emPx=Aat p(x, Ast)dxdt.
0 0

Convolution theorem of double Laplace — Upadhyaya transform:

Definition 5:
The convolution of h(x, t) and g(x, t) is denoted by (h ** g)(x, t) and is defined by,

(h*x g)(x,t) = fxfth(x —6,t—€)g(d,e)dd de
0o Jo

Theorem 4 (Convolution theorem):
If H(p, /11,12,/13) = Lxut[ h(x, t)], and G(p, /11,/12,/13) = Lxut[ g(x, t)], then

A
LeUe[(h o+ 9) (e, ] = = H(p, 24,42, 25)G(p, Ay, A2, A)
1

Proof:
LyU[(h +x g)(x, 0)] = )11J j e~P*¥~ 22t (b xx g)(x, t)dxdt
0 0
=N [y J) e Pt X [ h(x = 8,t — €)g(8,€) db de| dxdt
Using Heaviside unit step function,

0 [} X t
=1 f f e~ Px—Aat U f h(x —8,t —e)H(x — 5,t —€)g(8,€) ds del dxdt
0 0 0 Y0
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=f f g(8,€) dé de {/hf fe‘px"lzth(x—S,t—e)H(x—6,t—e)dxdt}
o Jo o Jo

(00} oo _ _i
= .f J. g(6; E) d6 dE {e p6 13 H(p: All AZI 13)}
0 0

612

(o] [ee] _ A
—Hp A o) [ [ €T g8,€) d de = T2 H(p A A )
0 0 1

Application of DLUT to solve partial differential equations:
Following type of partial differential equations can be solved using DLUT,

AUy, + BU;: + CU, + DU, + EU(x,t) = g(x,t) 1)
With initial conditions:

U(x,0) = hy(x), Up(x,0) = hy(x) (2)
And the boundary conditions:

U(0,t) = h3(t), Ux(0,8) = hy(D), ©)

Where 4, B,C, D and E are constants.
Using property of DLUT, single Laplace transform and single Upadhyaya transform to (1), (2) and (3)
respectively we get,
U(p, A1, A2, 13)
1
Ap2+BAs+Cp+ DA, + E

[Ahy(A1, 22, A3) + Aphs(Aq, A, A3) + BA1hy(p)

+ BA1Ayhy(p) + Ch3(A4,43,43) + DA1hy(p) + G(p, /11,/12,/13)]]

Ap2+BA3+Cp+DA,+E

~U(x,t) = Lytu;t l : [Ahy (A1, 15, 23) + Aphs (A4, A5, A3) + BA1hy(p) +

311/12h1(,0) + Ch; (11,/12,/13) + D/11h1(,0) + G(p, /11;/12;/13)] (4)

Ilustrated Examples:

Example 1

Consider the homogenous wave equation [3] U;; = U,y ,

With initial conditions,
U(x,0) = sinx, U;(x,0) = 2
U(0,t) = 2t,U,(0,t) = cost

A4
put b (p) = =7, h2(0) = 2, by (A, Az, 25) = 2552, ha(ly, Az, 25) =

2
/12

A1y
AZ+22

in (4) to get the solution,

U(x, t) = L*Uugt = 2t + sinx cost.

1 Iul s WA Mk l
A-p)lp 23 (P*+1) (A3 +23)
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. ________________________________________________________________|

Example 2

Consider the homogenous telegraph equation [3],

Uy =Up + U, = U

With the conditions,
U(x,0) =e* = hy(x), U:(x,0) = —2e* = hy(x)
U(0,t) = e™2t = hy(t), U,(0,t) = e™2t = hy(t)

Put, hy(p) = ﬁ' h,(p) = p__—zl' h3(A1,22,23) = hy(A4,45,43) = Azi;)ls In (4) to get the solution,
) 1+p 1-1,
UCx,t) = LU ="
(x, t) x Ut [pz_lg_,12+1lz+2/13+P—1] )

Conclusion:

In this paper we have introduced a new double transform known as double Laplace — Upadhyaya Transform.

We also proved some elementary properties and basic theorems for DLUT. We further went on to solve

partial differential equations of the type (1).
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